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Mortality as a Function of Survival

Jesús-Adrián Alvarez and James W. Vaupel

ABSTRACT Everyone has a chro no log i cal age. Because sur vi vor ship declines relent
lessly in pop u la tions with age-spe cific death rates greater than zero, every one also 
has a sur vi vor ship age (“s-age”), the age at which a pro por tion s of the pop u la tion is 
still alive. Sages can be esti mated for both peri ods and cohorts. While tra jec to ries of 
mor tal ity over chro no log i cal ages dif fer (e.g., across pop u la tions, over time, by sex, or 
by any sub pop u la tion), mor tal ity tra jec to ries over s-ages are sim i lar, a sign that pop-
u la tions expe ri ence sim i lar mor tal ity dynam ics at spe cific lev els of sur vi vor ship. We 
show that this impor tant demo graphic reg u lar ity holds for 23 sex-spe cific pop u la tions 
ana lyzed dur ing a period com pris ing more than 100 years.
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Introduction

Empirical research sup ports the view that human mor tal ity is being post poned to later 
ages (Bongaarts and Feeney 2002; CanudasRomo 2008; Kannisto 2000; Vaupel and 
Gowan 1986; Vaupel et al. 2021; Wilmoth and Horiuchi 1999). Popular say ings like 
“age 75 is the new 65” reflect the change in the rela tion ship between mor tal ity and the 
age var i able (Burger et. al. 2012). Mortality post pone ment can be observed through 
changes in demo graphic indi ca tors such as the mor tal ity haz ard µ(x), sur vival func-
tion s(x), and den sity of deaths func tion f (x), occur ring at any given chro no log i cal 
age x. Each of these indi ca tors describes a spe cific char ac ter is tic of the mor tal ity 
regime in a pop u la tion. They are inter re lated, and one can be expressed in terms of 
the other one. However, it is not clear how the post pone ment of mor tal ity to older 
ages affects the rela tion ship between these demo graphic indi ces.

For exam ple, the sur vi vor ship func tion s(x, y) indi cates the pro por tion of a pop u
la tion still alive at age x and at year y . According to the 1910 life table for Swed ish 
females (Human Mortality Database 2021), the sur vival func tion was .90 at age 5 (i.e., 
s(5,1910)  =  .90). In 2019, the sur vival func tion was .90 at age 70 (i.e., s(70,2019)
= .90). This sim ple com par i son shows the mag ni tude of change in the rela tion ship 
between sur vival and the age var i able that has taken place over time. The ques tion 
thus arises: was the risk of dying at age 5 in 1910 the same as the risk of dying at age 
70 in 2019, given that 90% of the pop u la tion was still alive at both ages? In terms 

D
ow

nloaded from
 http://dup.silverchair.com

/dem
ography/article-pdf/60/1/327/1803483/327alvarez.pdf by guest on 09 April 2024

https://doi.org/10.1215/00703370-10429097
https://doi.org/10.1215/00703370-10429097


328 J.-A. Alvarez and J. W. Vaupel

of demo graphic func tions:1 given that s(5,1910) = s(70,2019), might µ(5,1910) be 
sim i lar to µ(70,2019)? What about any other pro por tion of sur vi vors and any other 
pop u la tion? This is a bold con jec ture that we inves ti gate in this arti cle.

The ground break ing study of Zuo et al. (2018) shed light on this issue. By ana
lyz ing per cen tiles in the dis tri bu tion of deaths after age 65, they showed that old-
age deaths fol low an advanc ing front, like a trav el ing wave. They dem on strated 
that (1) deaths occur ring after the first quar tile have been shifting toward older 
ages at a sim i lar pace since 1950, and (2) the dis tance between age 65 and the 
first quar tile has increased, whereas the dis tance between upper per cen tiles has 
remained con stant over time. Findings from Zuo et al. (2018) pro vided new insights 
on the long-last ing debate about the com pres sion or expan sion of mor tal ity at older 
ages (BergeronBoucher et al. 2015; Kannisto 2000; Myers and Manton 1984; 
Nusselder and  Mackenbach 1996; Thatcher et al. 2010; Wilmoth and Horiuchi 
1999). They showed that con clu sions about com pres sion or dis per sion of deaths 
are heavily driven by reli ance on chro no log i cal age. Wilmoth and Horiuchi (1999), 
 CanudasRomo (2008), and Beltrán-Sánchez and Subramanian (2019) alluded to 
this, whereas Zuo et al. (2018) pro vided com pel ling evi dence of shifting pat terns in 
the age dis tri bu tion of deaths.

Notwithstanding the rel e vance of the Zuo et. al. (2018) find ings, their choice to 
start their anal y sis at age 65 by trun cat ing the dis tri bu tion of deaths at that age is prob-
lem atic. The selec tion of the onset age dis re gards the mor tal ity dynam ics at youn ger 
ages. Steady shifts in death per cen tiles start well before age 65 as there is evi dence that 
major reduc tions in death rates have taken place at youn ger ages (e.g., Beltrán-Sánchez 
and  Subramanian 2019; BergeronBoucher et al. 2015). Ages before and after 65 are 
both part of the same con tin u ous pro cess of aging. Therefore, trun cat ing at chro no-
log i cal ages could dis tort the sig nal and trig ger mis lead ing dynam ics of demo graphic 
indi ca tors.

Modeling Mortality as a Function of Survivorship

The use of per cen tiles as an alter na tive dimen sion in the anal y sis of mor tal ity is not 
new and can be traced back to Paccaud et al. (1998), Wilmoth and Horuchi (1999), 
Kannisto (2000), and Wilmoth (2005), among oth ers. In par tic u lar, Wilmoth (2005) 
intro duced for mal expres sions of sum mary demo graphic mea sures such as life 
expec tancy based on per cen tiles of the dis tri bu tion of deaths. More recently, Beltrán- 
Sánchez and Subramanian (2019) used per cen tiles to exam ine trends in period and 
cohort mor tal ity in highincome countries. An inter est ing appli ca tion of this per spec
tive can be found in the arti cles by Medford et al. (2019) and Alvarez et al. (2021a), 
in which they ana lyzed sur vival tra jec to ries and health pro files of Dan ish cen te nar-
i ans in terms of per cen tiles. They showed that the life spans of the lon gestlived 

1 The fact that s(5,1910) = s(70,2019) = .9 can also be seen as the result of the cumu la tive force of mor tal ity  
adding up to the same val ues for ages 0 to 5 in 1910 and ages 0 to 70 in 2019. This is due to 
s(x, y) = e− µ (a, y) da0

x∫ . However, this fact does not nec es sar ily imply that µ(5,1910) = µ(70,2019) are also 
iden ti cal since the shape of func tion µ(x, y) over the age var i able x  can be very dif fer ent for these two 
points in time (i.e., years 1950 and 2019).
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 indi vid u als have been length en ing across cohorts. Another rel e vant strand of research 
relates to the work done on for mal iz ing math e mat i cal rela tion ships between demo-
graphic func tions. In this regard, Finkelstein and Vaupel (2009) pro vided for mu la
tions to denote the sur vival func tion in terms of life expec tancy, and Cohen (2010) 
showed that life expec tancy is the death-weighted aver age of the recip ro cal of the 
sur vival-spe cific force of mor tal ity.

In this arti cle, we develop a frame work to study mor tal ity in terms of sur vi vor ship 
ages (or s-ages) and exam ine sex-spe cific mor tal ity dynam ics in 23 pop u la tions from 
1900 to 2018. We start our anal y sis at birth to cap ture the entire con tin u ous pro cess 
of human aging. An exten sive lit er a ture has shown that when mor tal ity tra jec to ries 
over chro no log i cal ages are com pared (e.g., across pop u la tions or sub pop u la tions, 
over time, or by sex), the curves dif fer. Here, we show that when such mor tal ity tra-
jec to ries over s-ages are com pared, they are much more sim i lar. Our key con tri bu tion 
is dem on strat ing that the main change over time has been the rela tion ship between 
chro no log i cal age and human sur vival, whereas the rela tion ship between sur vival and 
the risk of dying has remained more reg u lar.

Survivorship Ages

Survival is cus tom ar ily seen as a func tion s of age x. The sur vi vor ship func tion s(x) 
gives the pro por tion of a cohort still alive at age x. If the force of mor tal ity, µ(x), 
is pos i tive at all  ages, then s(x) is mono ton i cally decreas ing, and there fore a one-to-
one func tion of x such that at every age x there is a unique value of s. Consequently, 
chro no log i cal age x can be seen as a func tion of sur vival s (Cohen 2010; Wilmoth 
2005). In this case, x(s) is the sur vi vor ship age or sage such that x(s) = s−1(x) (i.e., 
the inverse of the sur vival func tion). Thus, x(s) indi cates the age at which pro por tion 
s  of a per son’s birth cohort is still alive, where x(1) is the sage at which every one is 
alive and x(0) denotes the sage at which there are no sur vi vors left in the pop u la tion. 
Note that, from this per spec tive, x(s) is a func tion of s, whereas s denotes a sca lar. 
Instead of tak ing chro no log i cal age as what varies over a life time, sur vival is what 
varies, and chro no log i cal age is a func tion of it.2

Function s(x)  is con tin u ous and strictly decreas ing over x. Therefore, the inverse 
func tion the o rem (Leach 1961) gives the suf fi cient con di tion for x(s) to be con tin u
ous and dif fer en tia ble over s. This con di tion allows one to define the neg a tive deriv-
a tive of x(s) with respect to s as

 ψ(s) = − dx(s)
ds

.  (1)

2 This link could have been defined in terms of the cumu la tive dis tri bu tion func tion, F(x), and the results 
would have been iden ti cal because s(x) = 1− F(x). Indeed, the use of F(x) leads to per cen tiles of the dis
tri bu tion of deaths used in Beltrán-Sánchez and Subramanian (2019), Wilmoth and Horiuchi (1999), and 
Zuo et al. (2018). In this study we chose to use s(x) because it is more intu i tive to think about changes 
in mor tal ity as the pop u la tion dies out (i.e., as s goes from 1 to 0). Cohen (2010) pioneered this idea by 
expressing life expec tancy in terms of the haz ard of s.
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Function ψ(s) is the den sity func tion of s (Gilchrist 2000; Unnikrishnan Nair and 
Sankaran 2009; Unnikrishnan Nair et al. 2013), and it mea sures the dis tance between 
s-ages, x(s), as sur vi vor ship s falls from 1 to 0.

Provided that x(s) = s−1(x), the inverse func tion the o rem guar an tees that 
ds(x)
dx

= dx(s)
ds

⎛
⎝⎜

⎞
⎠⎟

−1

. Note that for any given sur vival func tion s(x), the cor re spond ing 

den sity func tion is given by f (x) = − ds(x)
dx

. Hence,

 f (x) = ψ(s)( )−1 .  (2)

Equation (2) indi cates that if x(s) = s−1(x), the den sity func tions f (x) and ψ(s) are 
also recip ro cal.

By defi  ni tion, the mor tal ity haz ard of x is µ(x) = f (x)
s(x)

. Thus, Eq. (2), and given 
that s(x(s)) = s, leads to

µ(x) = f (x)
s(x)

= 1
sψ(s)

= µ(s).

This indi cates that the mor tal ity haz ard at sur vival level s can be expressed in terms 
of the den sity func tion ψ(s) as

 µ(s) = (sψ(s))−1.  (3)

Function µ(s) has a mean ing ful demo graphic inter pre ta tion as it mea sures the risk 
of dying for the pro por tion s of the pop u la tion that are still alive. This func tion is 
cru cial in our study because it links mor tal ity and sur vival with out the influ ence of 
chro no log i cal ages.

It is impor tant to high light that µ(x) and µ(s) are both mor tal ity haz ards. The 
only dif fer ence between them is the domain where they operate. On one hand, haz-
ard µ(x) is expressed in terms of chro no log i cal ages x . This means that the value of 
µ(x)  changes as x increases from 0 to ω. On the other hand, haz ard µ(s)  is expressed 
in terms of sur vival level s, where s is a sca lar. Thus, the value of µ(s) changes as s 
falls from 1 to 0.

Dynamics of the Risk of Dying in Terms of Survival

Assume that all  the quan ti ties defined in the pre vi ous sec tion vary with respect to 
time y , such that ψ(s, y) and µ(s, y) are, respec tively, the den sity func tion and the 
mor tal ity haz ard of s at time y. Changes over time in µ(s, y) are cap tured by the rate 
of mor tal ity improve ment, denoted by ρ(s, y):

 ρ(s, y) = −

∂µ(s, y)
∂y

µ(s, y)
= − ∂lnµ(s, y)

∂y
.  (4)
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331Mortality as a Function of Survival

In this sense, ρ(s, y) mea sures how the risk of dying cal cu lated at spe cific sur vival 
level s has changed over time.

Moreover, func tion b(s, y) indi cates how the risk of dying changes as sur vival s 
decreases:

 b(s, y) = −

∂µ(s, y)
∂s

µ(s, y)
= − ∂lnµ(s, y)

∂s
.  (5)

This func tion is anal o gous to the life table aging rate (Horiuchi and Coale 1990; 
Wilmoth and Horiuchi 1999), yet b(s, y) mea sures the rel a tive mor tal ity change over 
s rather than changes over chro no log i cal age x. For exam ple, b(s, y) = .02 means that 
mor tal ity (at level of sur vival s) is ris ing at an expo nen tial rate of 2% at year y.

Further Developments and Applications

The frame work intro duced in this sec tion offers a novel view on mor tal ity dynam ics 
and allows the reexpression of well-known demo graphic mea sures in terms of s-ages. 
Some of these appli ca tions are illus trated in the online appen dix. For exam ple, we 
derive expres sions for life expec tancy3 in terms of s-ages. In this case, life expec tancy 
indi cates the expected remaining life time of s sur vi vors in a pop u la tion. Similarly, 
other sum mary mea sures of lon gev ity can also be con ceived in terms of s-ages (e.g., 
life span var i abil ity indi ca tors, or the entropy of x(s)).

Furthermore, func tions x(s, y),  µ(s, y), ψ(s, y), ρ(s, y), and b(s, y) can also be 
expressed in terms of para met ric mod els. To illus trate this, we assume that mor tal ity 
fol lows a Gompertz model and develop closed-form expres sions of these func tions 
(see online appen dix). We explore dif fer ent model spec i fi ca tions to show how our 
frame work can be used to gain new insights about wellknown mor tal ity mod els. 
Along the same lines, our frame work allows us to develop novel sto chas tic mod els to 
fore cast mor tal ity as a func tion of sur vival.

It is impor tant to high light that the der i va tions shown in the appen dix are solely 
for illus tra tion pur poses, whereas the aim of this arti cle is to exam ine the empir i cal 
rela tion ship between mor tal ity and sur vival using the frame work devel oped in this 
sec tion. In the remain der of the arti cle, we assess this rela tion ship with data for 23 
sex-spe cific pop u la tions span ning the years 1900–2018.

Data

The frame work intro duced in the Survivorship Ages sec tion is used to exam ine the 
rela tion ship between mor tal ity and sur vival using data by sex and cal en dar year cov-
er ing the period 1900–2018 for 23 pop u la tions avail  able in the Human Mortality 
Database (2021): Australia, Austria, Belgium, Canada, Czech Republic, Denmark, 
Finland, France, Germany, Great Britain, Hong Kong, Italy, Israel, Japan, Korea,  

3 Such expres sions com ple ment Wilmoth (2005) and Cohen’s (2010) results.
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Luxembourg, the Netherlands, New Zealand, Norway, Portugal, Sweden, Switzerland,  
and the United States.

Continuous mor tal ity quan ti ties are required to cal cu late sages. For this rea
son, raw death rates were smoothed over time and over age using two-dimen sional 
Psplines (Camarda 2012). Given the non para met ric prop er ties of such P-splines, we 
ensured that the smooth ing pro ce dure did not dis tort esti ma tions of the risk of dying 
or any of the quan ti ties ana lyzed here. Having con tin u ous esti ma tes of mor tal ity over 
age and time per mits cal cu la tion of sages and asso ci ated func tions with ser vice able 
pre ci sion. This stan dard smooth ing pro ce dure has been use ful in pre vi ous mor tal ity 
inves ti ga tions (Colchero et al. 2016; Jones et al. 2014). Once con tin u ous sur faces of 
mor tal ity are com puted, the cal cu la tion of x(s) and asso ci ated func tions is straight
for ward using the expres sions devel oped ear lier.

Two sen si tiv ity ana ly ses were performed to test whether the results were driven 
by the choice of the smooth ing algo rithm (see online appen dix). In the first anal y-
sis, a generic spline model (de Boor 2001) was used to smooth death rates by age. 
In the sec ond sen si tiv ity anal y sis, any smooth ing algo rithm was applied to the data. 
Instead, a lin ear inter po la tion was used to cal cu late s-per cen tiles and asso ci ated func-
tions. In both ana ly ses, our results are almost iden ti cal to the ones pro duced with 
Psplines (Camarda 2012), indi cat ing that our results are robust and do not hinge on 
the smooth ing algo rithm employed.

Results

Figure 1 illus trates the loca tion of sages in the sur vival func tion and the cor re spond
ing force of mor tal ity for Swed ish females in 1950 and 2018. Function x(s) indi cates 

Fig. 1 Survival function and associated risk of dying for Swedish females, 1950 and 2018. Red circles 
indicate the location of sages.
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333Mortality as a Function of Survival

the age at which sur vi vor ship is s, and µ(s) is the force of mor tal ity at that spe cific 
sur vival level. We start the cal cu la tion of s-ages at birth, so that x(1) rep re sents 100% 
of the pop u la tion and it is always located at birth. We end the anal y sis at x(.01) 
because noise when sur vi vor ship falls under s = .01 is high. It is not pos si ble to esti-
mate the loca tion of x(0) from aggre gated data such that if there is a max i mum life 
span ω, then x(0) = ω; oth er wise x(0) =∞. The val ues of x(s) and µ(s) are indi cated 
in Figure 1 by the red cir cles.

Figure 1 shows that ages x(s) are not equi dis tant. For exam ple, x(1) and x(.99) 
were very close to each other in 1950. In 2018, there is almost 40 years between 
x(1) and x(.99). Similarly, x(.99) and x(.98) are located less than 15 years apart in 
2018. Subsequent s-ages are closer to each other, indi cat ing a greater con cen tra tion 
of deaths at those s-ages. Changes over time in the loca tion of s-ages reflect changes 
over time in sur vi vor ship. The fol low ing sec tions describe changes over time in 
sages and how they trig ger changes in the force of mor tal ity.

The Steady Postponement of Survival

Figure 2 depicts trends in s-ages, x(s), from 1900 to 2018 for females in France, 
Italy, and Sweden. These countries were cho sen to illus trate the frame work because 
they exhibit high-qual ity data dat ing back to 1900. Nonetheless, sim i lar results hold 
across all 23 pop u la tions ana lyzed in this study (see online appen dix for fur ther 
details).

Figure 2 shows that major shifts in sur vival occurred in the top sages. At the 
begin ning of the twen ti eth cen tury, 90% of the pop u la tion (i.e., x(.90)) sur vived to 
age 2 in France and Italy and to age 5 in Sweden. Thereafter, deaths unfolded into 
a much wider age inter val. For exam ple, in 2018, 90% of the pop u la tion in each of 
these countries sur vived to age 70. Even more impres sive is that, in 2018, 99% of 
the pop u la tion (i.e., x(.99)) sur vived to age 35. Figure 2 also shows that major shifts 
of sages from x(.99) to x(.80) pro duced a relo ca tion in all  sub se quent x(s) . For 

Fig. 2 Survivorship ages for females in France, Italy, and Sweden, 1900–2018. Red lines indicate deciles.
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 exam ple, in France, x(.10) (i.e., the age where only 10% of the pop u la tion is still 
alive) shifted from age 87.61 in 1950 to age 97.04 in 2018.

This fig ure also shows that dis tances between con sec u tive s-ages from x(.90) 
to x(.01)  have remained approx i ma tely con stant over time, and this is par tic u larly 
observed after the 1950s. Wilmoth and Horiuchi (1999) pro vided some evi dence of 
par al lel shifts in the con cen tra tion of deaths, and Zuo et al. (2018) ana lyzed this issue 
in depth after age 65. In the pres ent study, we show that steady shifts in the con cen-
tra tion of deaths also hold for sur vival prob a bil i ties. We show that those steady shifts 
already begin at the age where 90% of indi vid u als are still alive (i.e., s-age x(.90)), 
which is located well before age 65.

Our results show that the Zuo et al. (2018) find ings regard ing an increas ing dis-
tance between age 65 and the 25th per cen tile is the con se quence of trun cat ing the 
dis tri bu tion of deaths at age 65. Sensitivity ana ly ses in which cal cu la tion of s-ages 
starts at var i ous chro no log i cal ages (e.g., x(1) is set at, respec tively, ages 35, 50, and 
65; see online appen dix) con firm that trun cat ing at any chro no log i cal age dis torts 
the dis tances between sages because they are com pressed (Kannisto 2000; Thatcher  
et. al. 2010). Truncating at chro no log i cal ages trig gers mis lead ing results about 
demo graphic pat terns of sur vival, the risk of dying, and asso ci ated func tions of these 
indi ca tors (i.e., life expec tancy and life span inequal ity indi ca tors).

The Constant Dynamics of the Risk of Dying

Panel a of Figure 3 shows the risk of dying over chro no log i cal age x for six dif fer ent 
sex-spe cific pop u la tions dur ing dif fer ent years. Panel b also shows the risk of dying 
for the same pop u la tions, but in this case, the risk of dying is expressed in terms of s. 
As men tioned in the Survivorship Ages sec tion, both haz ards µ(x) and µ(s) are indi ca
tors of the risk of dying and the only dif fer ence between them is the domain of x and s.  
In this sense, Figure 3 clearly shows the impor tant find ing that when tra jec to ries  

Fig. 3 Mortality trajectories for six different sex-specific populations during different years. Panel a shows 
the risk of dying over chronological ages. Panel b depicts the risk of dying over survivorship ages. Black 
crosses indicate the location of sage x(.80) . Note that these figures were calculated from raw data without 
smoothing to show the differences and similarities between mortality trajectories.
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335Mortality as a Function of Survival

of mor tal ity over age x are com pared, the curves dif fer, but when such tra jec to ries 
over s are com pared, they are sim i lar. We now exam ine this find ing in detail.

Figure 4 depicts tra jec to ries over time in the risk of dying in terms of sur vi vor
ship over time, µ(s, y). Two key pat terns are appar ent. First, major shifts in s-ages .
reported in Figure 2 coin cide with pro nounced declines in µ(s, y) prior to the 1950s. 
In par tic u lar, µ(1, y) plummeted. Also note that µ(.99, y) declined sub stan tially in the 
first half of the twen ti eth cen tury but has since roughly sta bi lized (Ebeling 2018). 
Figure 4 shows that the rela tion ship between the risk of dying and sur vival suf fered 
dis tor tions at the begin ning of the sur vival curve (i.e., s = 1, .99, . . . , .90). Yet, after 
1980, declines in µ(s, y) ceased, with the excep tion of the risk of dying at birth, µ(1, y),  
which con tin ues trending down ward.

Second, Figure 4 shows steady pat terns in µ(s, y) for s = .90, . . . , .01 since the 
1950s. The risk of dying for sur vival lev els between .90 and .50 has remained almost 
con stant over time after this decade. For sur vival lev els between .50 and .01, there 
have been small increases in ρ(s, y). These pat terns indi cate a reg u lar asso ci a tion 
between the risk of dying and sur vival. This is an impor tant find ing entailing that, 
over time, what has changed is the rela tion ship between the age var i able and sur vival 
(as shown in Figure 2), while the demo graphic rela tion ship between sur vival and the 
risk of dying has remained sta ble for more than half a cen tury.

Figure 5 depicts val ues of the rate of mor tal ity improve ment, ρ(s, y). As expected 
from the results shown in Figures 2 and 4, fluc tu a tions in ρ(s, y) are notice able prior 
to 1950. Such fluc tu a tions can be attrib uted to deaths occur ring dur ing the two world 
wars and the Span ish flu epi demic (Johnson and Mueller 2002). Thereafter, ρ(s, y) 
takes val ues close to zero at all  sur vi vor ship s. At first glance this find ing might 
seem sur pris ing, given that pre vi ous research has shown mor tal ity improve ments at 
dif fer ent chro no log i cal ages (Rau et al. 2008). However, it is impor tant to high light 
that ρ(s, y) does not mea sure mor tal ity improve ment by chro no log i cal age. Instead, 
ρ(s, y) is an indi ca tor that cap tures changes over time in mor tal ity at dif fer ent lev
els of sur vival s. Thus, val ues of ρ(s, y) close to zero after the 1950s imply that the  

Fig. 4 Trends over time in risk of dying by s-age for females in France, Italy, and Sweden, 1900–2018. 
Red lines indicate deciles.

D
ow

nloaded from
 http://dup.silverchair.com

/dem
ography/article-pdf/60/1/327/1803483/327alvarez.pdf by guest on 09 April 2024



336 J.-A. Alvarez and J. W. Vaupel

rel a tive change in mor tal ity has remained more or less con stant over time at any level 
of sur vi vor ship s below .90.

Finally, Figure 6 shows trends in the rate of aging, b(s, y). This func tion takes 
dif fer ent val ues depending on s. For exam ple, b(s, y)  for Sweden in 2018 was about 
.08 and .04 for s equal to .9 and .3, respec tively. This indi cates that the risk of dying 
increases faster when sur vival is 90% than when sur vival is 30%. Over time, fluc tu-
a tions in b(s, y) are observed prior to the 1950s (sim i lar to the results shown in pre-
vi ous fig ures). After this decade, b(s, y) remains approx i ma tely con stant over time, 
par tic u larly for s below .70. For exam ple, b(.10, y) for French females took val ues of 
.038 in 1950, .038 in 1970, .036 in 1990, and .037 in 2018. The anal y sis of func tion 
b(s, y) pro vi des fur ther evi dence of the sta ble rela tion ship between mor tal ity and sur
vival after the decade of the 1950s.

Fig. 6 Rate of change in the risk of dying with respect to change in survival s for both sexes in France, 
Italy, and Sweden, 1900–2018

Fig. 5 Rates of mortality improvement by s-age for both sexes in France, Italy, and Sweden, 1900–2018
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Discussion

Everyone has a chro no log i cal age x and, depending on the pop u la tion they are in, 
a value of s. When tra jec to ries of mor tal ity over age x are com pared (e.g., across 
pop u la tions, over time, or females vs. males), the curves dif fer. When mor tal ity tra-
jec to ries over s are com pared, they are much more sim i lar. This is an impor tant demo-
graphic reg u lar ity that holds for all  23 pop u la tions ana lyzed here.

In this study we show that dur ing the first half of the twen ti eth cen tury, major 
shifts in sur vival occurred at ages where the first 30% of the pop u la tion die. It is 
also around those sages where most of the changes in the shape of the tra jec tory 
of mor tal ity were observed. However, for the remaining 70% of the pop u la tion, 
the rela tion ship between sur vival and the risk of dying has remained steady over 
time.

This steady rela tion ship is clearer after the 1950s, when 90% of the pop u la tion has 
expe ri enced sim i lar mor tal ity pat terns. These find ings indi cate that, over time, what 
has changed is the rela tion ship between mor tal ity and chro no log i cal ages, but the 
rela tion ship between sur vival and the risk of dying has remained remark ably reg u lar. 
In other words, after the 1950s, pop u la tions have expe ri enced sim i lar dynam ics in the 
risk of dying at lev els of sur vi vor ship below .90.

The rela tion ship between sur vival and the risk of dying is reg u lar but it is not 
immu ta ble. In our results for France, Sweden, and Italy, we show that this steady 
rela tion ship was altered dur ing some peri ods before 1950. Such alter ations are asso-
ci ated with the mas sive num ber of deaths that occurred dur ing the two world wars 
and the Span ish flu pan demic. After such events ceased, the rela tion ship between 
demo graphic indi ca tors became reg u lar again.

Chronological Ages and Survivorship Ages

In this arti cle, we intro duce the con cept of sur vi vor ship age with the pur pose of 
exam in ing mor tal ity as a func tion of sur vival. It is worth empha siz ing the con cep-
tual dif fer ences between sages and chro no log i cal ages as well as their demo graphic 
inter pre ta tion.

The chro no log i cal age of an indi vid ual is cal cu lated as the time dif fer ence between 
two life events: birth and any given date. For exam ple, the full life span is cal cu lated 
between dates of birth and death. Therefore, the cal cu la tion of chro no log i cal ages 
requires infor ma tion that is only related to that par tic u lar indi vid ual. Conversely, the 
cal cu la tion of sages entails addi tional infor ma tion about the pop u la tion in which the 
spe cific indi vid ual lives. This is because a per son’s s-age is cal cu lated as the time dif-
fer ence from birth to the date at which a pro por tion s of the pop u la tion was still alive.

At any spe cific date, every per son has a unique chro no log i cal age, and because 
every one lives in pop u la tions, every per son also has a unique sur vi vor ship age. 
Chronological ages can be known exactly at any moment. However, sur vi vor ship 
ages can only be esti mated using demo graphic data, which are usu ally gath ered a 
pos te ri ori. In other words, s-ages can only be cal cu lated when demo graphic data 
become avail  able. This is the main com pu ta tional dif fer ence between these age indi
ca tors, but at the same time, this is what makes s-ages demo graph i cally mean ing ful. 
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Contrary to chro no log i cal ages, s-ages relate a per son’s life span to the dynam ics of 
the pop u la tion. All indi vid u als will die in a spe cific pop u la tion, and their mor tal ity 
and sur vival chances do not exclu sively depend on them selves, but also on the mor-
tal ity and sur vival chances of their peers. This intrin sic rela tion ship between an indi
vid ual life span and its own pop u la tion is embed ded in the defi  ni tion of sur vi vor ship 
ages.

A key con tri bu tion of this arti cle is the intro duc tion of a for mal frame work to 
study mor tal ity in terms of sur vi vor ship ages. As men tioned ear lier, sur vi vor ship ages 
relate the life span of indi vid u als to the actual source of demo graphic change, that 
is, death and sur vival. Therefore, this per spec tive is spe cifi  cally devel oped for demo-
graphic stud ies. Here, we show that the use of s-ages pro vi des impor tant insights 
about the dynam ics of human mor tal ity. Further research endeav ors aimed at the 
devel op ment of mor tal ity quan ti ties and mod els (e.g., life span inequal ity indi ca tors, 
sto chas tic mod els) in terms of sages will enrich the demo graphic toolkit and enhance 
our knowl edge about fur ther reg u lar i ties in the mor tal ity and sur vival of pop u la tions.

While we high light the advan tages of using sur vi vor ship ages in demo graphic 
stud ies, it is unlikely that they will replace chro no log i cal ages as the main time 
dimen sion. Chronological age has a long his tory of being used to quan tify lon gev ity 
(Thane 2020) and is widely used in social sci ences as the main time var i able with 
which to describe demo graphic events (Field and Syrrett 2020). Chronological ages 
are widely used as a time var i able because of their sim plic ity and inter pret abil ity, and 
we acknowl edge the advan tages of using such ages in demo graphic research. None
theless, we also high light their short com ings. Specifically, our results raise aware ness 
about how trun cat ing to chro no log i cal ages might result in mis lead ing con clu sions 
about the dynam ics of the risk of dying and related indi ca tors. An exam ple of this 
issue is the increas ing dis tance between the 25th per cen tile and age 65, reported in 
Zuo et al. (2018), which we show is an arti fact of starting the demo graphic anal y-
sis at age 65, such that the post pone ment of human mor tal ity is not fully cap tured. 
Researchers should there fore be cau tious when trun cat ing at chro no log i cal ages and 
be aware that the sub stan tial post pone ment of mor tal ity might affect their results.

Limitations

The empir i cal cal cu la tion of sages and related mea sures devel oped in this arti cle 
requires con tin u ous mor tal ity quan ti ties. Consequently, the appli ca tion of our frame-
work entails (1) the use of a smooth ing or inter po la tion algo rithm and (2) high-qual ity  
mor tal ity data. Regarding the first con di tion, we show in the online appen dix that the 
choice of the smooth ing algo rithm (e.g., P-splines, inter po la tion tech niques) does not 
have an impact on our results. However, the use of high-qual ity demo graphic data 
plays an impor tant role in the pre cise cal cu la tion of sages. We fore see this require
ment to rep re sent a lim i ta tion in the appli ca tion of our frame work, as not all  pop u-
la tions exhibit high-qual ity detailed data. This is the case for some Latin Amer i can 
pop u la tions (Alvarez et al. 2020), where data qual ity is poor and demo graphic esti-
ma tions are unre li able. Furthermore, for some pop u la tions the life table data are only 
avail  able in abridged age inter vals (e.g., 5- or 10-year inter vals). The use of grouped 
data might result in unre li able esti ma tions of sages and related mea sures. A pos si ble 
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approach to tackle this issue is to apply non para met ric mod els to ungroup binned data 
(Rizzi et al. 2015) before the cal cu la tion of sages.

In the online appen dix we illus trate the poten tial of our frame work by intro duc ing 
closed for mu las to com pute sages and related mea sures under the assump tion that 
mor tal ity fol lows a Gompertz dis tri bu tion. We chose this dis tri bu tion for its sim plic-
ity and because it is a wellknown ref er ent in mor tal ity mod el ing. While para met ric 
for mu las for x(s), ψ(s),  and µ(s)  are sound for this dis tri bu tion, they might not fit 
well when tested with empir i cal data. It has been shown that the Gompertz dis tri-
bu tion describes only a spe cific chro no log i cal age range. For exam ple, it does not 
describe mor tal ity pat terns at young ages and does not cap ture the age hump (Remund 
et al. 2018). It has also been shown that µ(x)  devi ates from the  Gompertzian pat-
tern around ages 70–80 (Wilmoth and Horiuchi 1999) and con verges toward a con
stant level at the extreme end of life (Alvarez et al. 2021b). Models that account 
for unob served het ero ge ne ity (Beard 1959; Vaupel et al. 1979) can be con sid ered 
as an alter na tive to model mor tal ity at old s-ages. Furthermore, the appli ca tion of 
our frame work to para met ric dis tri bu tions that cover the whole age range (e.g., Siler 
1979; Thiele 1871) might pro vide a more thor ough descrip tion of the tra jec tory of 
mor tal ity over the whole sage range.

Unsolved Demographic Questions

Our results shed light on the demo graphic mech a nisms of senes cence. We show that 
the rel a tive rate of change in the force of mor tal ity, b(s, y), is approx i ma tely con stant 
over time—in par tic u lar, after the 1950s and for lev els of s below .7. This indi cates 
that pop u la tions expe ri ence sim i lar dynam ics in the risk of dying at spe cific lev els 
of sur vi vor ship. Why? What is the source of this reg u lar ity? This is a basic research 
ques tion that remains unsolved. One pos si ble expla na tion, which requires fur ther 
anal y sis, is that a per son’s s-age appears to be a good mea sure of a per son’s health, 
more closely tied to the risk of death than chro no log i cal age.

As described by Zuo et al. (2018) and fur ther ana lyzed here, there is an advanc ing 
front of sur vival. Theories of senes cence (e.g., Baudisch and Vaupel 2012; Colchero 
et al. 2021, 2016; Le Bourg 2001; Omholt and Kirkwood 2021; Wachter et al. 2014) 
attempt to explain why the risk of death increases with age. Analyzing mor tal ity as 
a func tion of sur vi vor ship might cast new the o ret i cal light on how rap idly we age 
and why death rates are fall ing over time. Beyond this, s-age will almost cer tainly 
aug ment chro no log i cal age as a pow er ful con cept in the demo graphic anal y sis of 
mor tal ity. ■
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